Monotone basic embeddings of hereditarily indecomposable continua  by Levin, Michael & Sternfeld, Yaki
TOPOLOGY 
AND ITS 
Topology and its Applications 68 (1996) 241-249 
APPLICATIONS 
Monotone basic embeddings of hereditarily 
continua 
Michael Levin ‘, Yaki Sternfeld * 
indecomposable 
Department of Mathematics, Haifa University, Mount Carmel, Haifa 31905, Israel 
Received 17 August 1994; revised 12 December 1994, 5 July 1995 
Abstract 
Let {cpi}f=t be monotone maps on a hereditarily indecomposable continuum X. It is proved 
that the following are equivalent: 
(i) The product map cp = (cpt, (~2,. . , pk) is light. 
(ii) cp is an embedding. 
(iii) Each f in C(X, R) is representable as f = c%, gio’pi with gi E C(pi(X), R). 
This is applied to prove the following result which is related to the Chogoshvili conjecture: 
Let n 2 2 and let X be an n-dimensional hereditarily indecomposable continuum. X can be 
embedded in a separable Hilbert space H such that: 
(i) The restriction to X of the continuous linear functionals of H forms a dense subset of 
C(X, W 
(ii) There exists an orthonormal basis B for H such that the restriction to X of each 2- 
dimensional B-coordinate projection of H factors through some l-dimensional space and as a 
result has no stable values in R2. In particular the n-dimensional B-coordinate projections have 
no stable values on X. 
Keywords: Hereditarily indecomposable continua; Monotone maps; Basic embeddings; 
Chogoshvili’s conjecture 
Ah4S classijcation: 54F15; 54F45 
1. Introduction 
Let (pi : X -+ Yi, 1 < i < k be mappings (= continuous functions) on a compacturn 
(= compact metrizable space). The family {cpi}~__, is said to be basic if each f in 
C(X) = C(X, I?) is representable as f(z) = Et, gi(cpi(z)), z E X with gi E C(Yi). 
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In that case the embedding of X in n%iYi with coordinate maps (pi is called a basic 
embedding. See [3] for more information on basic embeddings. 
In general embeddings fail to be basic; indeed, if X = Yt x Yz and if (pi are the 
coordinate projections and Yi contain more than one point each then we obtain a non- 
basic embedding. To see this let fi be nonconstant elements of C(K), i = 1,2. Then 
f(Yl, Y/2) = f (Y If (Y 1 1 I 2 2 is not representable as gi(yi) + gz(y2) with gi E C(K). (See 
[3] for more details.) 
In this paper we prove that if X is a hereditarily indecomposable continuum (or more 
generally a Bing space) and if the maps cpi are monotone then cp = (cpi, (~2,. . , pk) is 
an embedding if and only if it is a basic embedding. 
A continuum X is decomposable if it is representable as X = Xi u X2 with Xi, 
i = 1,2, proper subcontinua of X; otherwise X is said to be indecomposable. A com- 
pactum X is a Bing space if each subcontinuum of X is indecomposable. Clearly every 
subcontinuum of a Bing space is hereditarily indecomposable. A map f : X -+ Y is 
monotone if each fiber f-‘(y), y E Y of f is connected while if each such fiber is 
O-dimensional then f is called light. 
Theorem 1.1. Let p = (91, cpz, . . . , (ok) : X -+ @__,Yi where X is a Bing space and 
the cpi are monotone. The following three conditions are then equivalent: 
(i) cp is light. 
(ii) cp is an embedding. 
(iii) cp is a basic embedding. 
We prove Theorem 1.1 in Section 2. We give two different proofs to the main impli- 
cation namely (ii) + (iii); one proof is based on a characterization of basic embeddings 
in terms of measures while the other is elementary and straightforward. 
In Section 2 we also apply Theorem 1.1 to prove 
Theorem 1.2. Let cpi : X -+ Yi, 1 < i < lc, be monotone maps on a Bing space. Let 
Y = &, Yi denote the disjoint union. Let T: C(Y) -+ C(X) be the linear bounded 
operator de$ned by 
T(gl,m.. . 7gk>Cx) = ~%(W(x)), 2 E X, gi E C(Yi). 
i=l 
Then the range T(C(Y)) of T consists of thefunctions f in C(X) such that f is constant 
on each fiber of the product map 
i.e., on each set of the form n;=, cpi’(cpi(z)), x E X. In particular the range of T is a 
closed subalgebra of C(X) which contains the constantfunctions. 
The kernel of the operator T is also identified for Ic < 2. These results are then applied 
in Section 3 to prove Theorems 4.1 and 4.2 of [l] related to the Chogoshvili conjecture, 
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which were stated there without being proved. Through this paper we use the notation 
of [1,3,4]. 
2. Proofs 
Let X be a compacturn. Let N denote the equivalence relation on the class of all 
maps on X defined by f N g if f and g have the same fibers in X, i.e., for all z 
in X f-‘f(z) = g-‘g(x). Th is occurs if and only if there exists a homeomorphism 
h:f(X) + s(X) such that h o f = g. Let DecX denote the family of all maps 
modulo the equivalence relation N. An element A of DecX can be considered both as 
an equivalence class of maps modulo N and as an upper semicontinuous decomposition 
of X. Thus we shall use notations such as f E A (i.e., f is a member of A) and also 
A(z) = the element of the decomposition which contains 2. (Note that if f E A then 
A(z) = f-‘f(x).) F or a map f on X let f* denote the element of Dee X which contains 
f. Then f*(z) = f-‘f(z). For A, B in Dee X let A < B if A(z) c B(z) for all CC E X, 
and let A A B denote the element of Dee X such that (A A B)(s) = A(z) fl B(z). (Note 
that if f E A and g E B then A A B = (f x g)* where f x g: X + f(X) x g(X) is 
the product map.) Dee X is a complete lattice under this order. (See [l] and [4].) 
Let MX denote the set of monotone elements in Dee X. If X is a Bing space then MX 
is a sublattice of Dee X. Indeed, let A, B E MX. Then A(z) and B(z) are continua and 
both contain z. Hence A(z) c B(z) or B(z) C A( z ) since else A(x) U B(z) would have 
been a decomposable continuum in X. It follows that A(z) n B(s) is also a continuum 
and hence A A B E MX. 
Note that being a light map, an embedding or a basic embedding is actually a property 
of elements of DecX (i.e., a map f on X is light if and only if all the elements of f* 
are light; {cpi}f=, is a basic family of maps if and only if for every $~i E cpt, 1 < i 6 Ic, 
{r+!~,i}~=i is a basic family). Moreover, if {cpi},“,, are maps on X such that &,cpf 
consists of light maps, or embeddings or basic embeddings and if +F 6 cp,’ in Dee X 
then $, $J: also has the same properties (see [3]). 
The equivalence of (i) and (ii) in Theorem 1.1 is now evident: Let X be a Bing space. 
If {cp~}&i c MX then &,cpf E MX and if l\,“=,cpf is light, then as it is both light 
and monotone it must be an embedding. 
Let X be a Bing space and let ‘p*, $* E MX. Set 
s,. = {z E x: p*(z) = {z}} 
and Pvw =x\s,.. The reader may easily prove (or else check at [4]) that SV-,+* = 
57,. U S,+p and Pp.,,+* = Pp. n Pp. It follows that if A\,“=,cpf is an embedding then 
(jS,; =X and h Pp: = 0. 
i=l i=l 
Given f*, g* E MX let f* V g* denote the element of MX whose fiber at z E X is 
the union of the fibers of f and g at 2. It is proved in [4] that if X is a Bing space then 
f* V g* is indeed a well defined element of MX. 
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Let p be a real valued Bore1 measure on a compactum X. Let llpll denote the variation 
of p, let p+, CL- denote the positive and negative parts of CL. Then p = p+ - p- and 
Ml = ll~+ll + Ib”-II = IPKW where IPI = P+ + CL-. Note that 
11~11 = sup 
i 
Sf dp: f E C(X), llfll G 1 
I 
, 
X 
where llfll = sup{lf(~)l: z E X}. 
Letcp:X+Ybeamap.Thenpoo-i is a measure on Y. The following character- 
ization of basic families is proved in [3]: 
(*) {cpi);=, ’ b is asic if and only if there exists a real X, 0 < X < 1, such that for each 
real Bore1 measure ~1 on X, 11~ o ‘pi*I) 2 XIjpjI for some 1 < i < k. 
Proof of (ii) + (iii) in Theorem 1.1 (By measures). Let X be a Bing space, let 
{~f}~=, c MX and let p be a real Bore1 measure on X with Ilpll = 1. If &(p,t 
is an embedding then X = lJf=, S’+,r. 1~1 = p”+ + p- is a probability measure on X. 
(Note that 5’~; are Gg and in particular Bore1 sets.) Then 
1 = lPl(W = IPI 
( i 
; SqY; G & IPI&:). 
i=l i=l 
It follows that for some 1 < i < k, I~l(S,;) > l/k. ‘pi is one-to-one on S&t and 
(pi(P,;) n (pi(S,;) = 0. Hence 
I~cLo(P~‘[[ Z ~~(/~%:)o(P;~~~ = IPI 2 l/k 
(where p/S,; is the restriction of the measure p to the set S+,; ) and (*) is satisfied with 
X=1/k. •I 
For the elementary proof of Theorem 1.1 we need the following observation of Mazur. 
As we did not find a reference for it we include a short proof. 
Let cp: X + Y be a map and let f E C(X). For A c X let M(A, f) = sup{f(z): 3: E 
A}, let m(A,f) = inf{f(z): z E A}, let w(A, f) = M(A, f) - m(A,f) and let 
4% f) = s”P{4cp-‘(Y), f): y E Y). 
Proposition 2.1. Let X and Y be compact. Then 
inf { Ilf - 9 0 (PII: 9 E WY} = WM(P~ f) 
and the inf is attained at some g E C(Y) with llg[/ 6 jlfll. 
Proof. By compactness w(‘p, f) = w(cp-‘(yc), f) for some ya E Y. As go cp is constant 
on cp-‘(~0) it is evident that IIf - g o cpI[ b (1/2)w((p, f) for all g in C(Y). 
For y E v(X) let M(y) = M(cp-l(y), f), m(y) = m(p-‘(y),f). M is a real valued 
upper semicontinuous function on p(X). To see this we must show that {y: M(y) < cry) 
is open in p(X) for cr E R or equivalently that Fp = {y: M(y) Z P} is closed in p(X). 
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If {yn}T=r c Fp and yn + ye in Y, then by compactness limsup cp-‘(y,) c cp-‘(~0) 
and M(yo) > limsupM(y,) 2 P, so yo E Fp (where lim sup ‘p-’ (yn) is the set valued 
lim sup of the sets ‘p-t (yn) i.e., the set of limits of all sequences {z:k,} with xh,, E 
‘p-l (yk,) while lim sup M(y,) is the usual lim sup of reals). By a similar argument m 
is lower semicontinuous. Also, M(y) - (1/2)ru((p, f) < m(y) + (1/2)w((p, f) since 
M(Y) -m(y) G dcp, f). Note also that M(Y) -m(y) < llfll - (-llfll) = Wll. Hence 
WY) < Ml +W)Pb) -m(d) 6 llfll +U/2h(cp~ f) and M(Y) - (l/2)4+3, f) < 
Ilfll. Sirnil& 44) + (1/W(cp,f) 2 -Ilfll. 
Recall that a function G from a topological space Y to the subsets of a topological 
space 2 is lower semicontinuous if {y E Y: G(y) n U # 0) is open in Y for every open 
U in 2 (see [2]). Hence, if a is an upper semicontinuous real valued function on Y and 
b is a lower semicontinuous one and a < b then the function 
G(Y) = [~YMY)] = {t E R: 4~) 6 t < b(y)} 
is a lower semicontinuous interval valued map on Y since 
{Y: G(Y) n (wP) # 0} = {Y: 4~) < P} n {Y: b(y) > a}. 
It follows in particular that 
G(Y) = [M(Y) - (1/2)4(~, f)7 m(y) + (l/2)49, f)] ” [ -- Ml, Ilfll] 
is a lower semicontinuous interval valued map of Y, G(y) # 0 (G(yo) is the single 
point (1/2)(M(ye) + m(ye)). By elementary selection theory (or by Michael’s selection 
theorem [2]) G admits a continuous selection g E C(Y), and it is easy to verify that 
Ilf - g 0 cpll = WMcpJ) and lldl G Ilfll. 0 
Elementary proof of (ii) =+- (iii) in Theorem 1.1. Consider the case k = 2 first. For 
6 > 0 let P! = union of all fibers of cpi of diameter > 6, i = 1,2. Since cp is an 
embedding, then Pf and Pi are disjoint compact subsets of X. Let r/ E ‘p; V ‘p;. q!~(Pf ) 
and $(P,6) are disjoint compact subsets of q(X). Let 2~i E C($(X)) be such that 
ur + u2 = 1, u~($(Pf)) = 0, u~(T,!J(P,~)) = 1 and 0 < ui < 1. Set vi = ui o T/J E C(X). 
Note that 1c, is constant on each fiber of cpi and so is each oi. Let E,, n 2 1, be positive 
reals with cz=, E, < 0;). Let f E C(X). Set f = fa. Let b > 0 be small enough such 
that diameter A < 6 implies w(A, f) < ~1. Set f; = v&, i = 1,2 (multiplication in 
R). Note that f. = fd + fi, that f; is 0 on Pf and that fi is 0 on Pt. Also, for each 
fiber A of cpi, w(A,f,i) < w(A,f) as zti is constant on A and 0 < vi < 1. It follows 
that w(cpi, fd) < ~1, since the fibers of Cpi on which fi is nonconstant lie in Pi \ P,f and 
have diameter < 6. By Proposition 2.1 there exist gd E C(cpi(X)) with 119: 1) < l]fall and 
]]fi - gj o (Pill 6 (1/2)&r. Set ft = fo - (gt o cpl + 91 o (~2). It follows that 
llflll = p; + fo2 - 911 O cpl - s: O 9211 < ll_G - gt O WII + (If02 - s: O (P2II G El 
Replacing fe by fi and ~1 by ~2 we find gz in C(cpi(X)) with ]]g,?]l < ~1 and 
llfl - (ST O $9 + 9; O 92) 1) G E2, 
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and inductively we construct gr E C(cpi(X)), i = 1,2, n = 1,2, . . . , such that 
II ( 
71 71 
f - ~g:w+~g+P2 6% 
j=l j=l )il 
and llgrll < ~~-1 (co = Ml). Then 
.9i=~g~y i = 1,2, 
n=l 
are well defined elements of C(Cpi(X)) and f(z) = gr (cpr (z)) +gz((pz(Ic)) for all z E X. 
(Note that gi is defined on vi(X) c yi, but every norm preserving extension of gi will 
still have the same property.) This completes the proof of the case k = 2. Note that as 
the sequence {.sn} is arbitrary one can find gi with llgill < llfll. The same conclusion 
can also be derived from the measure theoretic proof. 
To prove (ii) + (iii) for k > 2 we apply induction: assume it holds for families of 
cardinality 6 k - 1 and let /\t, ‘pz be an embedding. Let $ E /\fl; cp,* and 2 = $(X). 
Let f E C(X). $* A I& is an embedding and hence a basic embedding; thus there exist 
g E C(z) and gk E C(fi) suchthatf=go~+gl,ocpk.LetlCIi:Z~Yi, 1 <i< k-l, 
be such that the diagram 
commutes, i.e., cpi = ti,i 0 $. jjtz; 6: is an embedding on Z hence by the induction 
hypothesis there exist gi E C(Yi), 1 < i < k - 1, such that g = Cfi; gi 0 $i and it 
follows that f = g 0 ‘$ -I- gk 0 ‘$k = c,“=, gi 0 (pi and We are done. 17 
Remark. Theorem 1.1 applies also to vector valued functions. If (cpt , (~2, . . . , pk) is 
an embedding with monotone (Pi on a Bing space and B is a Banach space then each 
f E C(X, B) is representable as f(z) = c,“=, gi(Cpi(Z)), gi E C(Yi’z, B), with essentially 
the same proof. Does this still hold if the additive group of the Banach space is replaced 
by a general AR Abelian complete metrizable group? 
Proof of Theorem 1.2. Let $ E A:=, (p,t and 2 = q(X). Let $i : 2 -+ Yi be such 
that (Pi = qi o $. {$$}L, C MZ and /\t, $,’ is an embedding and by Theorem 1 .l 
a basic embedding on 2. Let f E C(X) b e constant on each fiber of $, Then there 
exists an jr E C(Z) such that f = fr o $. As {$i}F=r is basic on 2 there exists some 
9 = (91,92,... ,gk) E C(Y) (gi E C(Yi), 1 < i < k) such that fr = cF=r gi o $i. 
Hence 
o$l= Si O $4 O II, = 5% O (pi. 
i=l i=l 
Hence f = Tg and the theorem follows. 0 
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Remark (concerning the kernel of T). When k = 1 the operator T is one-to-one so 
kerT = (0). To identify kerT when k = 2 let X be a Bing space and let {cp;, ‘pl} C 
MX. Let cp E cp; V cp; and set W = p(X). (pa < cp*, hence there exist ri : Yi + W 
such that up = ri 0 (hi, i = 1,2. 
Proposition 2.2. kerT can be identified with C(W). More precisely: let U : C(W) + 
C(Y) (Y = Yl U Yz) be defined by Uh = (h o ~1, -h o ~2). Then U is an isometric 
isomorphism of C(W) onto ker T. 
Proof. On one hand TUh = h o 71 o qbl - h o -r2 o & = h o p - h o cp = 0, on 
the ofier, if T(gl,gz) = g1 0 cp~ + gz o ‘p2 = 0 (where gi E C(K), i = 1,2) then 
(91 0 ~1)’ = (-92 0 (p2)* > cp; (where 3 denotes the order in DecX), and as clearly 
alsO (91 0 pi)* > cp; it follows that (gl 0 cpl)* 2 ‘p; V ‘pz. Hence there exists some 
h E C(W) such that gl o(p1 = hop = hoTi oq. So g1 = hoq. SimiMy 
g2o(p2 = -91 ocpl = -hocp = -honoq2. Hence g2 = -hop and Uh = (gl,g2). q 
The structure of kerT for k > 3 is by far more complex. 
3. Application to the Chogoshvili conjecture 
In this section we apply Theorem 1.1 to prove Theorems 4.1 and 4.2 of [ 11. We 
restate the theorems, but refer to [l] and [4] for further information on the Chogoshvili 
conjecture and its relation to these results. 
Theorem 3.1. Let n 2 2 be an integer There exists an integer m = m(n) so that for 
each n-dimensional hereditan’ly indecomposable continuum X there exists an embedding 
h : X -+ Rm such that for each 2-dimensional coordinate projection p of R* the map 
p o h factors through some one-dimensional space and thus has no stable values, but for 
some other orthogonal projection q of R” onto some n-dimensional linear subspace of 
R”, q o h has stable values on X. 
Theorem 3.2. Let X be an n-dimensional hereditarily indecomposable continuum and 
let H be a separable in@ite dimensional Hilbert space. There exists an embedding 
h : X -+ H with the following two properties: 
(i) The set offunctions {f o h: f : H + R is a continuous linearfunctional} is dense 
in the functional space C(X, R). 
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(ii) There exists an orthogonal basis B for H such that for each 2-dimensional B- 
coordinate projection p of H, p o h factors through some l-dimensional space and thus 
has no stable values. 
Condition (i) implies that the family of maps of the form g o h : X -+ R” with g : H -+ 
R” a continuous linear map is dense in C(X, R”). Since the subset of C(X, Rn) which 
consists of maps with stable values is open and dense in C(X, Rn), then for “many” 
continuous linear maps g : H -+ Rn, go h has a stable value. Condition (ii) on the other 
hand implies that for all n-dimensional coordinate projections g : H + R” with respect 
to the basis B, g o h has no stable values. 
Proofs of Theorems 3.1 and 3.2. Let X be an n-dimensional hereditarily indecompos- 
able continuum. By 5.9 of [4] (with s = 2n - 1) there exist k = (2z-‘) monotone maps 
&, : X -+ Y, with dim Y, 6 2n - 1,l < a < k, such that At=, I& is an embedding and 
for all a, b < k, each member of $J: A $J: factors through some l-dimensional space. 
To prove Theorem 3.1, let 
m = m(n) = (2dimY, + 1)(*:-i ) + n(*E-i) = (2dimY, + n + 1)(*:-i). 
We shall define the coordinate maps hi :X + R, 1 < i 6 m, of the embedding 
h : X + Rm as follows: 
1. For each 1 < a < k let l,,j : Y, --+ R, 1 6 j < 2 dim Y, + 1, be maps so that 
{li,j};:r”y”+’ separates the points of Y,. The first (2dimY, + 1)(*:-l) coordinate 
maps of h will be {Zi,j o $J~}, 1 < a < (*E-l), 1 6 j < 2dimY, + 1. Note that this 
guarantees that h is an embedding as {Zi,j o &} separates the points of X. 
2. To construct the remaining n(*E-i) coordinate maps, let 
f = (fi,f2,...,fn):X +R” 
be a map which has stable values (such a map f exists since dim X = n). By Theorem 1.1 
{$~,}t+~k is a basic family since X is a Bing space and the maps TJ, are monotone and 
form an embedding. It follows that for each T, 1 < T < n, there exist maps gr,a : Y, -+ R, 
1 < a < k, such that f,. = C,“=, g,.+ o &,. We define the remaining coordinate maps 
of h to be {g,.+ 0 &}, 1 < r < 72, 1 < a < (*E-l ). We need to show that for every 
2-dimensional coordinate projection p of R”, p o h has no stable values. The coordinate 
maps of p o h are two of the coordinate maps of h namely fa o ?,& and fb o & (where fa 
is either lj,, or gr,a an d fb is lj,b Or !?r,b). l=hS P 0 h = (fa 0 $a, fb 0 $b) and ($a, $‘b) 
is a factor of p o h. Since (&, ‘I+!%) E $,(t A $$ it factors through some one-dimensional 
space and so does p o h. 
On the other hand 
f = (fl,f2,... ,fn) = 
( 
kg1.a OGa, ~92.avh ,...I .&O& 
) 
=Loh, 
a=1 a=1 a=1 
where L : R” + R” is a linear map. Let q be an n-dimensional orthogonal projection 
which has the same fibers as L. Then f = L o h is equivalent to q o h in DecX, and 
since both f = L o h and q o h map into R” and f has a stable value, so does q o h (see 
[1,41). 
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To prove Theorem 3.2, let H be an infinite dimensional separable Hilbert space. Let B 
be an orthonormal basis for H. Enumerate the elements of B as B = {er+}, 1 < a < k, 
T = 1,2,.... Let {f,.}E1 be a dense sequence in the unit sphere {f: llfll = 1) of 
C(X). As above, {?,k}~=, is a basic family. Hence, for each r > 1 there exist elements 
gr,a E C(Z) with llgr,aII < llfrll = 1, 1 < a < lc (see end of the case k = 2 in the 
elementary proof of Theorem 1.1) such that fT = c:=, gT,a o ga. Define h : X -+ H by 
Equivalently, the (~,a), 1 < a < k, T > 1, coordinate 
coordinate system B is (l/r)g,,, o &. (The factor l/r 
h(z) is a well defined element of H.) 
We must prove that (i) and (ii) hold. For T 2 1 let p 
map of h with respect to the 
is needed only to ensure that 
be the linear functional on H 
defined by p(w) = T cz=, w,,, where w = CT,, w,,,e,,, is the expansion of w with 
respect to the basis B. Then 
k 
poh=&,aohz=fr 
a=1 
and (i) follows. 
(ii) is proved as in Theorem 3.1. If p is a 2-dimensional B-coordinate projection then 
P 0 h = ((llr)gr,a o +a, (l/s)gs,b o +b) f or some 1 6 a, b < k and T, s 2 1. Since 
(&, T+!+,) factors through some one-dimensional space so does p o h and (ii) follows. 0 
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